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1. Introduction 



The study of Ricci-flat manifolds is interesting to both geometers and 
string theorists for a variety of reasons. These manifolds provide ex- 
^ ■ amples of "exotic" Einstein geometries: in fact, their holonomy groups 

have to be SU(r2,), Sp(n), G2 or Spin(7), corresponding to Calabi-Yau 
Q\ ! n-folds, hyperkahler manifolds of real dimension 4n, and exceptional 

7- and 8-manifolds, respectively. Because they are Ricci-flat and admit 
parallel spinors, they are supersymmetric vacua for superstring-related 
theories. Out of these parallel spinors one can construct parallel forms 
r-| ! [19, 15] which turn out to be calibrations in the sense of [16]. Indeed, 

these manifolds have a rich geometry of (calibrated) minimal subman- 
ifolds. These submanifolds are, in the simplest case, the supersymmet- 
ric cycles [5] around which branes may wrap to produce BPS states. 
5^ I Yang-Mills theory on these manifolds is also interesting. The equa- 

tions of motion admit instantonic solutions which minimise the action 
and are defined by linear equations generalising (anti) self-duality in 
four dimensions [11, 20]. This observation forms the basis of the "Ox- 
ford programme" [14] to generalise Donaldson-Floer-Witten theory to 
higher dimensional Ricci-flat manifolds. 

Perhaps one of the boldest proposals yet to have emerged out of 
the "second superstring revolution" is the Matrix Conjecture of Banks 
et al. [3]. This conjecture states that the dimensional reduction to 
one dimension of 10-dimensional supersymmetric Yang-Mills in the 
limit in which the rank of the gauge group goes to infinity provides 
an Infinite Momentum Frame description of M-theory, the 11-dimen- 
sional theory believed to underlie nonperturbative superstring theory. 
In this context, it becomes an important problem to understand the 
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dimensional reductions on 10-dimensional super symmetric Yang-Mills 
theory. Most research has focused on toroidal compactifications, since 
these preserve all of the sixteen supercharges present in the original 
theory, and are therefore the most constrained. On the other hand, 
reductions on curved Ricci-flat manifolds, also produce manageable 
theories even though there is little supersymmetry left. The reason is 
that, as we will review below, whatever supersymmetry remains be- 
comes BRST-like, rendering the theory cohomological. 

The theory we will describe in what follows can be understood as that 
arising out of euclidean D-branes wrapping around a Calabi-Yau 3-fold. 
More prosaically, it is the dimensional reduction of 10-dimensional su- 
persymmetric Yang-Mills theory to such a manifold. Results in this 
direction for other manifolds have been obtained in [7, 10], who con- 
sidered euclidean D-branes wrapping around calibrated submanifolds. 
The resulting theories on the D-brane were seen to be topologically 
twisted Yang-Mills theory - the components of the 10-dimensional 
gauge field in directions normal to the D-brane being sections of the 
normal bundle to the calibrated submanifold which need not be trivial. 
In [1] the dimensional reductions of supersymmetric Yang-Mills to 7- 
and 8-manifolds of exceptional holonomy [G2 and Spin(7), respectively) 
were studied. The theories obtained arc cohomological [22] and localise 
on the moduli space of generalised instantons and, in the 7-dimensional 
case, monopoles. The instanton theories agree (morally) with the co- 
homological theories studied in [4, 2]. Similar considerations, in less 
detail but in more generality, can be found in [8]. 

In this paper we will follow the approach of [1] and study the theory 
on a Calabi-Yau 3-fold. We will recover a cohomological theory which 
localises on the moduli space of solutions of the Kahler- Yang-Mills 
equations. These equations have been studied by Donaldson [13] (for 
Kahler surfaces) and by Uhlenbcck-Yau [18] (in complex dimension 
three and above), who show that they are in one-to-one correspondence 
with stable holomorphic vector bundles. Cohomological theories which 
localise on this moduli space have been discussed in [4] as a reduction 
of the eight- dimensional cohomological theories, and also briefly in [8]. 

Our approach will be the following. We start with 10-dimensional 
supersymmetric Yang-Mills theory and reduce it to 6-dimensional eu- 
clidean space. The resulting lagrangian can be promoted to any spin 
6-manifold M by simply covariantising the derivatives with respect to 
the spin connection; but the supersymmetry transformations will fail 
to be a symmetry of the action unless the spinorial parameters are co- 
variantly constant. This requires that M admit parallel spinors, and 
that means that the holonomy group must be a subgroup of SU(3). If 
we want M to be irreducible then the holonomy must be SU(3). Co- 
variance of the supersymmetry algebra under the holonomy group im- 
plies that the commutator of two supersymmetry transformations with 



SUPERSYMMETRY AND GAUGE THEORY IN CALABI-YAU 3-FOLDS 3 



parallel spinors as parameters will result (on shell and up to gauge 
transformations) in a translation by a parallel vector. Since for the 
irreducible manifolds we consider there are no such vectors, the super- 
symmetry transformation is a BRST symmetry. This general argument 
shows that the resulting theory is cohomological. 

This paper is organised as follows. In Section 2 we discuss the dimen- 
sional reduction of 10-dimensional supersymmetric Yang-Mills theory 
to 6-dimensional euclidean space. In Section 3 we specialise to the 
theory defined on a manifold of holonomy SU(3): a Calabi-Yau 3-fold, 
and show that it is indeed cohomological. In Section 4 we rewrite the 
theory in the form of a balanced cohomological field theory in the sense 
of [12] and [9]. 

For convenience we briefly summarise our spinor conventions here. 
We use the Minkowski signature (—1,1,1,... ,1). The unitary charge 
conjugation matrix for the Clifford algebra generators 7^ is specified, 
for given Gd,(Tt e {±1}, by 

C-f^C-^^aail C'^atC. (1) 

For the spinor representations of SO (3, 1) we use notation along the 
lines of Wess and Bagger [21], — (l,cr*) with indices al^ and — 

(—1,(7*) obeying a^"" = — e^^e'^^'cr^- . We choose e-*-^ = 1 and e^^e^c = 
—5". The dot distinguishes between the two spinor representations, 
and for which the S0(3, 1) generators are 

a'^ = \{a'a^ - a^a') and a'-^ = \{a' - a') . (2) 

It is straightforward to see that with (V^a)^ = 'ipa and (V^")^ = ip"', we 
have, e.g., ■0" = e^^V^f,- 

2. Dimensional reduction to six dimensions 

Our starting point is 10-dimensional supersymmetric Yang-Mills the- 
ory. It can be formulated in terms of a Lie algebra valued gauge field 
Am and a negative chirality Majorana-Weyl adjoint spinor ^f. The Lie 
algebra is assumed to possess an invariant metric, denoted (— , — ) or 
sometimes Tr. The lagrangian is then given by 

^ - -UFmn, F^^) + !(*, r^DM^) , (3) 

where Fmn = 

OmAn - On Am + [Am, An] , and Dm"^ = Om"^ + [Am, *] , 

and 

^=^*c, {ar=-r=~i)- (4) 

This action is hcrmitian and invariant under the following supersym- 

metry transformations, 

SAm = ieVM^ and 6^ = ^FmnT^^s , (5) 
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where e is a constant negative chirality Majorana-Weyl spinor. The 
supersymmetry algebra only closes on-shell and up to gauge transfor- 
mations. 

Reducing the theory down to six euclidean dimensions breaks the 10- 
dimensional Lorentz invariance down to a subgroup S0(3, 1) x S0(6). 
The first step of the dimensional reduction is then the decomposition of 
our fields into irreducible representations of this subgroup. For tensor 
fields this is the obvious decomposition M = (J, /i); in particular, Am — 
{(f)i,Aij). For the spinors we use the representation 

= 7^ 77 and r^+^ = i^(^Y , (6) 

where are the generators for the Clifford algebra C£(6, 0) and 7^ for 
C£{3, 1). A straightforward calculation gives 

Fii = 75 ® 77 • (7) 

The charge conjugation matrix C then decomposes as C = C C*. 
For definiteness we choose the representation in which the 7'* are all 
antisymmetric (af^ = —crl^^ = — 1), and the chiral representation for 
the 4-dimensional 7's {a'^^ = — o"!^-* = 1); in terms of Pauli matrices, 

70 = 12® (ta^) (8) 
f = a'®a^ for « = 1,2,3 (9) 
75 = I2 ® , (10) 

with C = ia"^ ^ a^. 

Let Ca, a = 1,2 denote an orthonormal eigen-basis of a^. Then the 
Weyl condition determines 

* = e"®ei(g)V'La + ed«)e2«)Vi • (H) 
The 10-dimensional Majorana condition then reduces to a reahty con- 
dition on the 6-dimensional fields, 

i'Li, = -i^R^ah = ^ia^"' (12) 

^La = eatrR ^ = -^'Vl,, ■ (13) 

Finally then, the lagrangian reduces to 
^ = --jF^uf - l{D,(t^i, D,<P') - 1{[<Pj, <Pj], [0^ 0^]) 

+ iin, %DM + ^.{i^La, %D,rR) + i(V;» , <7^J0,, <]) , (14) 
which is invariant under the supersymmetry transformations 

5i^La = \lnvF^ueLa + ^^D ^^^ja^^e^i + [0/, ^j\(jlf^eLb (15) 
H% = \l,.F^.^'k l.D^^ia'^^Lb + [07, <i>j]^''\e'^ (16) 
= ie^R%iJLa + ieLali^\ (17) 

50/ = -i^La^f^Lb + te^R'Jlab'^R ■ (18) 
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3. Reduction to manifolds with SU(3) holonomy 

Now that we have a supersymmetric theory defined on a six dimen- 
sional euchdean space, it is time to extend it to a Calabi-Yau 3-fold. 
The structure group of the tangent bundle reduces to an SU(3) sub- 
group of SO (6). Our first task is to decompose the SO (6) fields into 
irreducible representations of SU(3). We will actually consider the de- 
composition into U(3) irreducibles, U(3) being the holonomy group of 
a 6-dimensional Kahler manifold. Since U(3) is locally isomorphic to 
SU(3) X U(l), we will be able to read off the SU(3) representations 
easily. It is, of course, sufficient to work in a local frame. 

The embedding S0(6) D SU(3) x U(l) leads to the branching 4 = 
(1)30 (3)_i; thus, under the global symmetry SU(3) x U(l) x S0(3, 1), 
we have that the spinors Xr and Xl transform according to 

AK~(l,3,2^)e(3,-l,2i) (19) 

~ (1,-3,2^)0 (3, 1,2«) . (20) 

Let 9 denote the (commuting, left-handed) spinor which is responsi- 
ble for splitting the 4 above, and let us normalise it to O'^O = 1. Clearly 
6* is the right-handed singlet spinor, which splits the 4. We need the 
explicit projections onto these representations. The projector onto the 
singlet in the 4 is 

ee^ = 1(1 - 77) - ^,o^%A^ - 77)%u , (21) 

as follows from the standard result 

= (_i)i+K-i)/2_^,.....M6^^^^^^^_^^^^ ^ (22) 

together with a Fierz transformation upon noticing that by chirality 

^t^(^)^ ^ , for 1^1 odd. (23) 
It follows immediately from 

7'wA=(-l)'^'(6-2|yl|)7(^) (24) 

that 

7A^^^7A = 1(1 + 77) - 10^,^9(1 + 77)%. , (25) 

which will also be required later. 

We may now introduce the Kahler form A;^,^ = iO^-j^uO and the 3-form 

^^.ux = e^%ux9* . (26) 
There are no other covariants since 

e^^^e* = , (27) 

which follows from sandwiching (the complex conjugate of) (25) be- 
tween 6** and 9*. 

At this point it is useful to make a special choice of 9 which corre- 
sponds to the standard choice of complex coordinates. This reduces the 
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problem to the usual construction of the spinor representation of S0(6) 
via linear combinations of the Clifford algebra generators which obey 
the algebra of fermionic oscillators. First introduce the combinations 
(taking /i = (a, a) in fiat (local frame) coordinates) 

7" = 71(7" + ir^') and ^ = ^(7" - ^7^+') ■ (28) 

The SU(3) generators are then T'^p — 7°7/3 — ^S^Y'lj- Requiring that 
9 be an SU(3) singlet (with appropriate U{1) charge —3) fixes 7^^ = 0, 
so that = k^g = and k^p = iS^fj. Similarly all components 
of Vl vanish by (27) but for Vt^p^ = O'^ja/s-y^* and its conjugate. For 
completeness, notice that 

Using viclbcins to translate to the coordinate basis, these results apply 
for an arbitrary Kahlcr (6d) manifold. 

The projectors for spinors onto SU(3) x U(l) covariant fields follow 
directly by combining (21) and (the complex conjugate of) (25) to get 
the appropriate completeness relations; e.g., 

i(l-77)=^^^ + i7a^*^S- (30) 
For arbitrary symplectic Majorana-Weyl spinors Xl or xr, define 

Xa = O'^XLa and Xaa = d^laXLa ■ (31) 

Then the S0(3, 1) covariant decompositions under SU(3) x U(l) are 

XLa = Oxa + ho'0*Xaa and x| = -0*e^''Xh + ha^e^^Xba > 

(32) 

and in terms of these fields, the lagrangian becomes 

- !([</.,, ct>j], [0^ <!>■']) + ie-\A, Dai^ba) + ie'^'ii^a, Dai^J 

- |0„^^e"^(V'„a, D-pi;^) - in^^^e«^(V;da, D^i,^) . (33) 

This action is invariant with respect to the supersymmetry transforma- 
tions with the parallel spinors as parameter. These are obtained from 
5s just by inserting the SU(3) singlet grassmann parameters, 

eLa = , e% = -e*e''% . (34) 

In writing the explicit supersymmetries it is convenient to introduce 
auxiliary fields so that the supersymmetry algebra closes off shell. Be- 
cause of SU(3) covariance and the fact that there are no SU(3) invari- 
ant vectors on a Calabi-Yau 3-fold, the supersymmetry algebra will be 
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BRST-like, at least up to gauge transformations. Further, it is con- 
venient to split the conjugate generators using the complex structure. 
Thereto, we introduce supercharges via 

Ss = ^edg" - ie„Q" . (35) 

The sign is such that Q and Q act like canonical generators (so QA — 
B =^ QA^ = -St and QB = A^ QB^ = A\ if A is bosonic). 
The algebra of charges on the fields is then easily found to be 

{g-^, g^} = , {Q\ Q'} = and {Q% Q'} = SG{-2ia''yi) , 

(36) 

where dciff) means "gauge transformation with parameter 6" . Then 6s 
can be extended to the auxiliary fields 



H = —iFaa and Ha = ^Vtap^F^^ , (37) 

so that the supersymmetry algebra is maintained off shell. We have 
the explicit transformations: 



Field 











H5l + ia'W(t>iAj] 











2lDa<plC7'^''eai 


Ha5t 


^ba 


HaSi 


2iDa(f>ie''Sb 


Aa 


^''i^ba 












h 




^Hb 


H 


ia''^[(t)i,^l^b] 




Ha 







Ha 


Aie^'Da4^i, + 2ia'^'^[<Pi,Tl^,a] 






It is possible now to reduce to a cohomological theory with a single 
cohomological symmetry: setting 1^2=1^2 — 0) which requires (pi — 
02 = 0, we are left with the supersymmetries generated by and 
g^. Instead we will keep all supersymmetries and work out a balanced 
formulation for this cohomological theory. 



4. A BALANCED COHOMOLOGICAL FIELD THEORY 

In order to recognise what this theory computes, it will prove conve- 
nient to rewrite it in balanced form [9, 12] ; that is, in terms of poten- 
tials. Let us first write the lagrangian in a form linear in g's. To this 
effect, introduce 

£ = g«v„ + g"Vd, (38) 

where Va is dimension | in the natural units where the gauge coupling 
is scaled out, and 0/ have dimension 1 and ■^'s have dimension |. 
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Further, it should be gauge invariant and an S0(3, 1) doublet. Taking 
the most general possible Ansatz and comparing to (33), we find 

Va = lilpa, Faa) + l{lpa, H) - ia^-^\(^6, [(pi, - j^l^a/37(^a«, ^>^) 

+ U^a^^ Ho) - ¥''^iMa^ DM ■ (39) 

Eliminating the auxiliary fields (which are determined correctly), we 
find that 

^ = ^ + ^{Fal3, F^f) - \{F^p, Fa/s) - ^{Faa, F^p) . (40) 

Note that the extra terms can be rewritten as — ATr(FAF), whence 
their integral only depends on the Kahler class and the characteristic 
class of the gauge bundle. 

We can pursue this a little further, writing L quadratic in Q's. The 
most general form is 

I = ea^g^Q'V + Q^ai,Q^V: + h.c. , (41) 

and a similar analysis to the above gives 

Va^eabQ''V + al,Q''Vi , (42) 

where 

V = -i^n^p^CS{A)^-p^ - ^^e^^i^,, ^,) (43) 
Vj = -^(0,, F,^) + ^af (V'j,,, i;,^) , (44) 
with CS(A) the holomorphic Chern-Simons 3- form, 

CS{AUp^ = {A^, F-p^) - \{A^, [A-0, A^]) . (45) 

Clearly 

g"V = , (46) 
and Vi is real. Thus we can write 

£ = £i + ^2 = (ea6Q"g' - e,,g'0')(V + V) + 2gV„^,g«V, (47) 

Note that the holomorphic Chcrn-Simons term cannot be reproduced 
as a BRST variation, so it isn't profitable to continue this process. 
That such a term — only invariant under small gauge transformations — 
should appear at all is quite interesting, and consistent with the results 
in [1] for manifolds of G2 holonomy. 

We would like to rewrite this in balanced form along the lines of [12] 
(see also [9]). To do that, one must first choose a global SL(2, IR) under 
which the balanced supercharges will transform as a doublet d. The 
lagrangian must then be written (up to a topological term) in the form 

eAsd^d'^y^ for some potential W, (48) 

where the critical points of W agree with the fixed points of the coho- 
mological symmetry. 
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It is natural, in our case, to take the SO (2, 1) subgroup of the global 
S0(3, 1) symmetry. Then the doublet supercharges can be taken as the 
linear combinations and d^, where 

and S can be decomposed. The first term reduces to 

^1 = -lieAsd^d^ + eABd^d^){V + V) , (50) 
while the second term is just 

= 2gvLQ"V3 + 2gv,^,g'^v, . (5i) 

Remarkably, an explicit calculation shows that both of the terms in £2 
are individually SO (3, 1) invariant. Since there is a unique such invari- 
ant bilinear in Q"- and g" these two terms in L12 must be proportional, 
and we can consider just the first. Thus £j2 is itself proportional to 

2gV^^g"V3 = -^{eABd^d^ - eABd^d'')V3 . (52) 

This is still not quite in balanced form, since we have two doublets 
of supercharges. However, it is straightforward to check that 

eABd^d"" ( V + V) = SABd^d"" ( V + V) , (53) 

since by (46) the difference may be written as anticommutators of su- 
percharges. Moreover, another explicit calculation shows that 

eAsd^d^'V^ = -eABd^d^'V^ . (54) 

Collecting these results we see that £ is of balanced form (48) with 
potential, 

- U^aa, i^aa) + l^e"'(V'a, ^ft) - i^e''(V'd, ^j,) , (55) 

where we have introduced (/? = 03. Hence the physical super symmetric 
Yang-Mills theory differs from this balanced cohomological field theory 
by the topological term T in (40). Note, however, that T of course 
depends on the Kahler class. 

Balanced theories localise on the critical points of W. These points 
correspond to fermions set to zero, and bosons obeying F^a — and 
the Bogomol'nyi-type equations 

jQap^Fp^ + Da^ = and In^p^Ff}^ + Da(f = . (56) 

For a compact Calabi-Yau 3-fold, these equations reduce to the Kahler- 
Yang-Mills equations 

Fap^F^^^O and F^^ ^ , (57) 

together with the trivial Daf — D^f — 0. 
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5. Conclusions and Outlook 

We have shown that the dimensional reduction of supersymmetric 
Yang-Mills on a compact Calabi-Yau 3-fold is a cohomological theory 
which localises on the moduli space of solutions to the Kahler Yang- 
Mills equations or, by the work of Donaldson and Uhlcnbcck-Yau, on 
the moduli space of stable holomorphic bundles. Observables in this 
theory correspond to invariants of this moduli space, which generalise 
the Donaldson invariants in four dimensions. Unlike four dimensions, 
these are not topological invariants of the Calabi-Yau 3-fold, but a pri- 
ori only invariants of the SU(3) structure. It follows from the balanced 
formulation (48) of the theory that £ is invariant under infinitesimal 
deformations of the metric which preserve the Calabi-Yau condition. 
A similar result was shown in [2] for the cohomological theories on 7- 
and 8-manifolds of exceptional holonomy. 

One direction in which this work may be pursued is to examine the 
Ansatz of [7] for the effective theory of branes wrapped around super- 
symmetric cycles in the Calabi-Yau space, here a special lagrangian 
torus. Considering the embedding of the torus local coordinates of [17] 
to see how the topological twisting on the torus arises, we note that ar- 
guments as in [7] (and [6]) suggest that, for one U(l) case, the resulting 
path integral on the torus localises on the moduli space Msl x Mpiat, 
precisely the local description of the mirror [17]. Details will appear 
elsewhere. 

Acknowledgement 

JMF takes pleasure in thanking Bobby Acharya, Chris Hull, Chris 
Kohl and Bill Spence for conversations on this and other related topics. 

References 

[1] BS Acharya, JM Figucroa-O'Farrill, M O'Loughlin, and B Spence, Euclidean 

D-branes and higher dimensional gauge theory, hep-th/9707118. 
[2] BS Acharya, M O'Loughlin, and B Spence, Higher dimensional analogues of 

Donaldson Witten theory, Nucl. Phys. B503 (1997), 657, liep-th/9705138. 
[3] T Banks, W Fischler, SH Shenker, and L Susskind, M theory as a matrix 

model: a conjecture, Phys. Rev. D55 (1997), 5112, hep-th/9610043. 
[4] L Bauheu, H Kanno, and IM Singer, Special quantum field theories in eight 

and other dimensions, hep-th/9704167. 
[5] K Becker, M Becker, and A Strominger, Fivebranes, membranes and non- 

perturbative string theory, Nuel. Phys. 456 (1995), 130, hep-th/9509175. 
[6] M Bershadsky, A Johansen, V Sadov, and C Vafa, Topological reduction of 4d 

SYM to 2d a-models, Nucl. Phys. B448 (1995), 166, hep-th/9501096. 
[7] M Bershadsky, V Sadov, and C Vafa, D-branes and topological field theory, 

Nucl. Phys. B463 (1996), 420, hep-th/9511222. 
[8] M Blau and G Thompson, Euclidean SYM theories by time reduction and 

special holonomy manifolds, hep-th/9706225. 



SUPERSYMMETRY AND GAUGE THEORY IN CALABI-YAU 3- FOLDS 11 



[9] M Blau and G Thompson, N=2 topological gauge theory, the Euler charac- 
teristic of moduli spaces, and the Casson invariant, Comm. Math. Phys. 152 
(1993), 41-72, hep-th/9112012. 

[10] M Blau and G Thompson, Aspects of Nt > 2 topological gauge theories and 
D-hranes, Nucl. Phys. B492 (1997), 545-590, hep-th/9612143. 

[11] E Corrigan, C Devchand, DB Fairhe, and J Nuyts, First-order equations for 
gauge fields in spaces of dimension greater than four, Nucl. Phys. B214 (1983), 
452-464. 

[12] R Dijkgraaf and G Moore, Balanced topological field theories, Comm. Math. 
Phys. 185 (1996), 411, hep-th/9608169. 

[13] SK Donaldson, Anti- self- dual Yang Mills connections on complex algebraic 
surfaces and stable vector bundles, Proc. London Math. Soc. 3 (1985), 1-26. 

[14] SK Donaldson and RP Thomas, Gauge theory in higher dimensions, Oxford 
Preprint, 1996. 

[15] FR Harvey, Spinors and calibrations. Academic Press, 1990. 
[16] FR Harvey and HB Lawson, Calibrated geometries, Acta Math. 148 (1982), 
47-157. 

[17] A Strominger, ST Yau, and E Zaslow, Mirror symmetry is T-duality, Nucl. 
Phys. B479 (1996), 243-259, hep-th/9606040. 

[18] K Uhlcnbcck and ST Yau, On the existence of hermitian Yang Mills connec- 
tions on stable bundles over compact Kdhler manifolds, Comm. Pure Appl. 
Math. 39 (1986), 257-293, Correction: Comm. Pure Appl. Math. 42, 703-7. 

[19] MY Wang, Parallel spinors and parallel forms, Ann. Global Anal. Geom. 7 
(1989), no. 1, 59-68. 

[20] RS Ward, Completely solvable gauge-field equations in dimension greater than 

four, Nucl. Phys. B236 (1984), 381 396. 
[21] J Wess and J Bagger, Supersymmetry and supergravity, Princeton University 

Press, Princeton, New Jersey, 1983. 
[22] E Witten, Topological quantum field theory. Comm. Math. Phys. 117 (1988), 

353. 



Department of Physics 
Queen Mary and Westfield College 

University of London 
London El 4NS, UK 

E-mail address: j .m.figueroaOqmw. ac.uk 



Department of Physics and Mathematical Physics 

University of Adelaide 
Adelaide, SA 5005, Australia 

E-mail address: aimaanpu@physics.adelaide.edu.au 



E-mail address: jmccarthOphysics . adelaide . edu. au 



